ABSTRACT. We extend the V BG * property to the context of vector-valued functions and give some characterizations of this property. Necessary and sufficient conditions for vector-valued V BG * functions to be continuous or weakly continuous, except at most on a countable set, are obtained.
Introduction
This paper discusses the continuity properties of some classes of functions that occur in the theory of vector-valued integration. The familiar result states that in the scalar case a function of bounded variation on an interval has all the unilateral limits at each point of the interval. In the vector case similar properties of functions of weakly bounded variation were studied in connection with some problems in the theory of stochastic differential equations (see [9] and the references therein). Other contributions to this subject were made in [2] and [3] . Among the results, established in those papers, the following two come close to ours:
• a separably-valued function of weakly bounded variation is weakly continuous, except at most on a countable set [2] ; • a Banach space X does not contain an isomorphic copy of c 0 if and only if each X-valued function of weakly bounded variation is regulated [3] .
The class of functions of generalized weakly bounded variation in the restricted sense (the V BG * class, in short), introduced in [12] , is associated with the
V B * functions
We begin with the notion of weakly bounded variation on a set.
Ò Ø ÓÒ 2.1º
Let f : [a, b] → X and let E be a non-empty subset of [a, b] .
f is said to be of weakly bounded variation in the restricted sense (V B * ) on E if there exists a positive number M such that We denote by W * (f, E) the lower bound of those M .
It follows from Definition 2.1 that a V B * function f on E is necessarily bounded on [a, b] . We should observe at this point that in the case where X = R this notion is equivalent to the classical notion of a V B * function on a set under the hypothesis that the function involved is bounded on [a, b] (see [10, Lemma 5.3.8] ).
ON CONTINUITY PROPERTIES OF SOME CLASSES OF VECTOR-VALUED FUNCTIONS
(a) Λ is said to be w * -λ-norming for some λ ≥ 1 (or w * -norming, in short) if As an illustration, if X contains no isomorphic copy of c 0 , then any James boundary of X is w * -thick [8] . The reader should refer to Nygaard's survey [15] for an extensive study of thick sets. Now we make the following definition.
Remark 2º A standard argument shows that f is V B * Λ on E if and only if for each x * ∈ Λ there exists a positive number M such that
for each finite collection of pairwise non-overlapping intervals 
We next show that the same inequality is fulfilled for each
The converse of Lemma 2.1 reads:
Let {b n } be a fixed sequence such that a = b 1 < b 2 < . . . and lim
f is said to be of outside bounded variation in the restricted sense (outside V B * ) on E if there exists a positive number M such that
We denote by V * (f, E) the lower bound of those M .
In fact three function classes, namely V B * Λ in the case where Λ is w * -thick, V B * and outside V B * , coincide. We present complete proof of this important fact for the reader's convenience.
The following statements are equivalent.
. Fix a finite collection of pairwise non-overlapping intervals
Then we have
Now it follows from Lemma 2.1 that
(ii) =⇒ (iii). This implication is obvious.
(ii) =⇒ (i). Fix a finite collection of pairwise non-overlapping intervals
(iii) =⇒ (i). Fix a finite collection of pairwise non-overlapping intervals
{I k } K k=1 with ∂I k ∩ E = ∅ and x * ∈ B X * . Then we have K k=1 |∆(x * f )(I k )| = k:∆(x * f )(I k )>0 ∆(x * f )(I k ) + k:∆(x * f )(I k )<0 ∆(x * f )(I k ) ≤ x * · k:∆(x * f )(I k )>0 ∆f (I k ) + k:∆(x * f )(I k )<0 ∆f (I k ) ≤ 2 V * (f, E).
Remark 3º
It is useful to note that
where f is a V B * function on a set E.
ÓÖÓÐÐ ÖÝ 2.2.1º Let f : [a, b] → X and E ⊂ [a, b]. Then f is V B * on E if and only if f is V B
* on E. f is said to be of generalized weakly bounded variation in the restricted sense (V BG * ) on E if E can be written as a countable union of sets on each of which f is V B * .
Remark 4º
It follows from Corollary 2.2.1 that if f is V BG * on an F σ -set E, then E can be written as a countable union of closed sets on each of which f is V B * .
Strong continuity of V BG * functions
In order to study the continuity properties of V BG * functions, we first introduce some standard notation. 
ON CONTINUITY PROPERTIES OF SOME CLASSES OF VECTOR-VALUED FUNCTIONS
Further denote by D(f ) the set of discontinuities of f on [a, b] . We make note of the fact that
Recall that a vector-valued function defined on I is said to be regulated on I, if it has discontinuities of the first kind only. In other words, such a function has all the unilateral limits at each point of I. That a real-valued function of bounded variation on I is regulated on I is well-known. However, in the vector case the situation changes.
We Ì ÓÖ Ñ 3.1º Suppose that X does not contain an isomorphic copy of c 0 and
P r o o f. Only the case where E is uncountable is interesting. It follows from
On the contrary, assume the set D(f ) ∩ E is uncountable, then so is the set D α (f ) ∩ E n 0 for some positive number α and n 0 ∈ N. This set is closed. Hence, by the Cantor-Bendixson Theorem, we have D α (f ) ∩ E n 0 = P ∪ Q where P is a perfect set and Q is at most countable. Fix a point c ∈ P and a positive number δ. Choose an interval I 1 ⊂ (c−δ, c+δ) so that c ∈ ∂I 1 , ((c−δ, c+δ)\I 1 ) ∩ P = ∅, and ∆f (I 1 ) > α/4. We continue this process for infinitely many steps and arrive at an infinite sequence of mutually disjoint intervals {I k } for
for all x * ∈ B X * and for all K ∈ N. It follows that
all x * ∈ B X * and, by the Bessaga-Pe lczyński Theorem, the series
converges. Thus, we obtain a contradiction with ∆f (I k ) > α/4 for all k.
ÓÖÓÐÐ ÖÝ 3.1.1º Suppose that X is weakly sequentially complete (in particular, reflexive) and let
f : [a, b] → X be V BG * on E ⊂ [a, b]. Then the set D(f ) ∩ E is at most countable.
ÓÖÓÐÐ ÖÝ 3.1.2º Suppose that X does not contain an isomorphic copy of c 0 and let
f : [a, b] → X be V BG * on E ⊂ [a, b]. Then f | E has a separable range.
Weak continuity of vector-valued functions
In this section we study the weak continuity properties of vector-valued functions. Given f : [a, b] → X, f is said to be weakly continuous at a point t ∈ [a, b] provided that x * f is continuous at t for each x * ∈ X * . In this case Let N denote a fixed class of subsets of the real line such that
The elements of the class N will be named N -sets. C and L provide important examples of such classes.
Note that an N -weakly continuous function on E is necessarily N -scalarly continuous on E. On the other hand, Example 2 shows that a C -scalarly continuous function may not be C -weakly continuous. The next theorem will give a simple sufficient condition for the N -weak continuity of bounded separablyvalued functions.
Then f is N -weakly continuous on E.
and M for sup t∈ [a,b] f (t) . Clearly, N is an N -set. Fix x * ∈ X * , a point t 0 ∈ E \N , and a positive number ε. Now choose x * m so that x * −x * m < ε/4M .
ON CONTINUITY PROPERTIES OF SOME CLASSES OF VECTOR-VALUED FUNCTIONS
P r o o f. Fix a point t ∈ E \ N and a sequence {t n } in [a, b] that converges to t.
As the set N is closed, with no loss of generality we may assume t n / ∈ N for all n. It therefore follows that the set f (t k ) : k ∈ N is relatively weakly compact. Thus the sequence {f (t n )} contains a weakly convergent subsequence and (ii) of the previous theorem holds. In conclusion it is worth remarking that a C -weakly continuous function necessarily has a separable range. 
ÓÖÓÐÐ ÖÝ

Remark 5º
